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Harmonic mean curvature lines on
surfacesimmersed in R3

Ronaldo Garcia and Jorge Sotomayor

Abstract. Consider oriented surfaces immersed in R3. Associated to them, here are
studied pairs of transversal foliations with singularities, defined on the Elliptic region,
where the Gaussian curvature X, given by the product of the principal curvatures ki, k2
is positive. The leaves of the foliations are the lines of harmonic mean curvature,
also called characteristic or diagonal lines, along which the normal curvature of the
immersionisgivenby K /H ,where H = (k1 +k2)/2 isthearithmetic mean curvature.
Thatis, K/H = ((1/k1+1/k2)/2)~ 1 isthe harmonic mean of the principal curvatures
k1, ko of the immersion. The singularities of the foliations are the umbilic points and
parabolic curves, where ky = ko and K = 0, respectively.

Here are determined the structurally stable patterns of harmonic mean curvature lines
near the umbilic points, parabolic curves and harmonic mean curvature cycles, the
periodic leaves of the foliations. The genericity of these patternsis established.
Thisprovidesthethreeessential local ingredientsto establish sufficient conditions, likely
to be also necessary, for Harmonic Mean Curvature Structural Stability of immersed
surfaces. This study, outlined towards the end of the paper, is a natural analog and
complement for that carried out previously by the authors for the Arithmetic Mean
Curvature and the Asymptotic Structural Stability of immersed surfaces, [13, 14, 17],
and also extended recently to the case of the Geometric Mean Curvature Configuration
[15].
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304 R. GARCIA AND J. SOTOMAYOR

1 Introduction

In this paper are studied the harmonic mean curvature configurations asso-
ciated to immersions of oriented surfaces into R®. They consist on the um-
bilic points and parabolic curves, as singularities, and of the lines of harmonic
mean curvature of the immersions, as the leaves of the two transversal folia-
tionsin the configurations. The normal curvature of the immersion along these
lines is given by the harmonic mean of the principal curvatures, defined by
K/H = ((A/ky + 1/k2)/2)71, in terms of the standard curvature functions:
principal curvatures k1, k», arithmetic mean curvature H = (ky + kp)/2 and
Gaussian curvature K = kqko.

Thetwotransversal foliations, called hereharmonic mean curvature foliations,
are well defined and regular only on the non-umbilic part of the elliptic region
of the immersion, where the Gaussian Curvature is positive. In fact, there they
aretheintegral curves of smooth quadratic differential equations. The set where
the Gaussian Curvature vanishes, the parabolic set, isgenerically aregular curve
which is the border of the elliptic region; see [3]. The umbilic points are those
at which the principal curvatures coincide, generically are isolated and disjoint
from the parabolic curve. See section 2 for precise definitions.

This study is a natural development and extension of previous results about
the Arithmetic Mean Curvature and Asymptotic Configurations, dealing with
the qualitative properties of the lines along which the normal curvature is the
arithmetic mean of the principal curvatures(i.e. isthe standard Mean Curvature)
or isnull. This has been considered previously by the authors; see[13, 17] and
[14], and has aso been extended recently to the case of the Geometric Mean
Curvature [15].

The point of departure of this line of research, however, can be found in the
classical works of Euler, Monge, Dupin and Darboux, concerned with the lines
of principa curvature and umbilic points of immersions. See[9, 31, 32] for an
initiation on the basic facts on this subject; see [19, 21] for a discussion of the
classical contributions and for their analysis from the point of view of structural
stability of differential equations. A modern general presentation of structural
stability of dynamical systems can be found in [25].

This paper establishes sufficient conditions, likely to be also necessary, for
the structural stability of harmonic mean curvature configurations under small
perturbations of the immersion. See section 7 for precise statements.

This extends to the harmonic mean curvature setting the main theorems on
structural stability for the arithmetic and geometric mean curvature configura-
tions and for the asymptotic configurations, proved in [13, 14, 15, 17].

Three local ingredients are essential for this extension: the umbilic points,
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HARMONIC MEAN CURVATURE LINES 305

endowed with their harmonic mean curvature separatrix structure, the harmonic
mean curvature cycles, with the cal cul ation of the derivative of the Poincaréreturn
map, through which is expressed the hyperbolicity condition and the parabolic
curve, together with the parabolic tangential singularities and associated separa-
trix structure.

The conclusions of this paper, on the elliptic region, are complementary to
results valid independently on the hyperbolic region (on which the Gaussian
curvature is negative), where the separatrix structure near the parabolic curve
and the asymptotic structural stability has been studied in [13, 17].

The parale with the conditions for principal, arithmetic mean curvature and
asymptotic structural stability isremarkable. This can be attributed to the unify-
ing role played by the notion of Structural Stability of Differential Equationsand
Dynamical Systems, coming to Geometry through the seminal work of Andronov
and Pontrjagin [1] and Peixoto [28].

Theinterest on lines of harmonic mean curvature appearsin the paper of Raffy
[29]; see aso Eisenhart [12], section 55. The work of Ogura [27] regards these
lines in terms of his unifying notion T-Systems and makes a local analysis of
the expressions of the fundamental quadratic formsin a chart whose coordinate
curves are lines of harmonic mean curvature. A comparative study of these
expressions with those corresponding to other lines of geometric interest, such
as the principal, asymptotic, arithmetic and geometric mean curvature lines is
carried out by Ogura in the context of T-Systems, away from singularities. In
the paper of Occhipinti [26] is established the following interesting projective
relationship: a line of harmonic mean curvature divides harmonically those of
geometric mean curvature (both) and that (one) of arithmetic mean curvature .
See [4], chapter 6.

For being more descriptive and coherent with that of previousrecent papersal-
ready cited, we adopt in thiswork the denomination of harmonic mean curvature
lines instead of characteristic or diagonal lines, aso found in the literature.

No global examples, or even local ones around singularities, of harmonic
mean curvature configurations seem to have been considered in the literature
on differential equations of classic differential geometry, in contrast with the
situations for the principal and asymptotic cases mentioned above. See also the
work of Anosov, for the global structure of the geodesic flow [2], and that of
Banchoff, Gaffney and McCrory [3] for the parabolic and asymptotic lines.

This paper is organized as follows:

Section 2 is devoted to the general study of the differential equations and
general properties of Harmonic Mean Curvature Lines. Here are given the pre-
cise definitions of the Harmonic Mean Curvature Configuration and of the two
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306 R. GARCIA AND J. SOTOMAYOR

transversal Harmonic Mean Curvature Foliationswith singularitiesinto which it
splits. The definition of Harmonic Mean Curvature Structural Stability focusing
on the preservation of the qualitative properties of the foliations and the config-
uration under small perturbations of the immersion, will be given at the end of
this section.

In Section 3 the equation of lines of harmonic mean curvature is writtenin a
Monge chart. The condition for umbilic harmonic mean curvature stability is
explicitly stated in terms of the coefficients of the third order jet of the function
which represents the immersion in a Monge chart. The local harmonic mean
curvature separatrix configurations at stable umbilics is established for C* im-
mersions and resembl e the three Darbouxian patterns of principal and arithmetic
mean curvature configurations [10, 19]. These patterns have been also recently
established for the case of geometric mean curvature configurations [15].

In Section 4 the derivative of first return Poincaré map along a harmonic mean
curvature cycleis established. It consists of anintegral expression involving the
curvature functions along the cycle.

In Section 5 are studied thefoliations by lines of harmonic mean curvature near
the parabolic set of animmersion, which typically isaregular curve. Three sin-
gular tangential patternsexist generically inthiscase: thefolded node the folded
saddle and the folded focus. However, these types aternate with the patterns
established for the asymptotic lines on the hyperbolic region. The following is
established and made precise here: an elliptic harmonic (resp. asymptotic) sad-
dle goes adjacent with a hyperbolic (resp. harmonic) asymptotic node or focus.
See subsection 5.1 and the pertinent bifurcation diagram. Notice also that it has
been proved that in the geometric mean curvature case the folded focus is absent
genericaly [15].

Section 6 presents new examples of Harmonic Mean Curvature Configurations
on the Torus of revolution and the quadratic Ellipsoid, presenting non-trivial
recurrences. This situation, impossible for lines of principal curvature, has been
established, with different technical details, for arithmetic and geometric mean
curvature configurationsin [14, 15].

In Section 7 the results presented in Sections 3, 4 and 5 are put together to
provide sufficient conditions for Harmonic Mean Curvature Structural Stability.
The density of these conditions is formulated and discussed at the end of this
section, however its rather technical proof will be postponed to ancther paper.

Section 8 contains an initial discussion motivated by this and previous related
papers. We inquire about the possibility and interest of developing a unify-
ing general Theory for Mean Curvature Configurations, valid for those already
studied and also for possible “new" mean curvature functions.
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HARMONIC MEAN CURVATURE LINES 307

2 Differential equations of harmonic mean curvaturelines

Letow : M? — R3beaC”, r > 4, immersion of an oriented smooth surface
M? into R3. Thismeansthat D« isinjective at every point in M?2,

The space R? is oriented by aonce for all fixed orientation and endowed with
the Euclidean inner product <, >.

Let N beavector field orthonormal to «. Assumethat (u, v) isapositive chart
of M? and that {c,, «,, N} isapositive framein RS,

In the chart (u, v), the first fundamental form of an immersion « is given by:

I, =< Da, Da >= Edu® + 2Fdudv + Gdv?,
with
E=<ua,,a,> F=<ouo,a,> G=<au,,0, >
The second fundamental form is given by:
11, =< N, D?a >= edu®+ 2fdudv + gdv®.

Thenormal curvatureat apoint p inatangent directions = [du : dv] isgiven
by:
I1,(t, 1)
I(t, 1)

kn = kn(p) =

The lines of harmonic mean curvature of « are regular curves y on M2 having
normal curvature equal to the harmonic mean curvature of the immersion, i.e.,
kn = 37, Where K = K, and { = H , are the Gaussian and Arithmetic Mean
curvatures of «.

Therefore the pertinent differential equation for these linesis given by:

edu?® + 2fdudv + gdv> XK

Edu? + 2Fdudv + Gdv?> ~ H
Or equivalently by

[8— %G]de—Z[f— %F}dudv—l— [e—%E]dbﬂ:O. (1

Also, asremarked by Occhipinti in[26], the equation of harmonic curvaturelines
can be written as

Jac(Jac(I1,1),11) =0,
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which leads to:

Ldv? + Mdudv + Ndu? = 0,

L = g(gE — eG) +2f(¢F — fG)
M =2g(fE —eF)+2e(fG —gF)
N =e(eG —gE)+ 2f(fE —eF)

(2)

This equation is defined only on the closure of the Elliptic region, EM?,, of
o, where K > 0. Itisbivalued and C"~2, r > 4, smooth on the complement
of the umbilic, ‘U,, and parabalic, P,, sets of theimmersion «. In fact, on ‘U,
, Where the principal curvatures coincide, i.e where H? — K = 0, the equation
vanishesidentically; on P,, it is univalued.

The developments above allow us to organize the lines of harmonic mean
curvature of immersions into the harmonic mean curvature configuration, as
follows:

Through every point p € EM?, \ (U, U P,), pass two harmonic mean cur-
vature lines of «. Under the orientability hypothesis imposed on M, the har-
monic mean curvature lines define two foliations: H, 1, called the minimal
harmonic mean curvature foliation, along which the geodesic torsion is neg-
aive (i.e t, = —vKHZ—K/|H|), and H, ,, caled the maximal har-
monic mean curvature foliations, along which the geodesic torsion is positive
(iLet, = VEKNHZ — K/ |H)).

By comparison with the arithmetic mean curvature directions, making angle
7 /4withtheminimal principal directions, the harmonic onesarelocated between
them and the principal ones, making an angle 6, such that ran6, =+ % as
followsfrom Euler’sFormula. The particular expression for the geodesic torsion
given above results from the formula t, = (ko — k1)sin6cos6 [32], isfound in
thework of Occhipinti [26]. Seeaso Lemmalin Section4 below. In[26, 15] is
also proved that geometric mean curvature lines are between the harmonic and

arithmetic mean curvature ones, making an angle 6, such that ran6, =+ %

With thisdata, Occhipinti [26], has proved that thetwo lines of mean geometric
curvature, that of mean harmonic and geometric curvature form a harmonic
quadruple of lines.

The quadruple H, = {?,, U,, H, 1, H, »} is called the harmonic mean cur-
vature configuration of «.

It splitsinto two foliations with singularities:

ny = {,J)C{a ,ua,Ha,i}ai = 17 2
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L et M? be also compact. Denote by :M"* (M?) be the space of C” immersions
of M? into the Euclidean space R, endowed with the C* topology.

Animmersion « issaid C*-local harmonic mean curvature structurally stable
at a compact set C ¢ M? if for any sequence of immersions «,, converging to «
in M™* (M?) there is a neighborhood V- of C, sequence of compact subsets C,,
and a sequence of homeomorphisms mapping C to C,, converging to theidentity
of M? such that on V¢ it maps umbilic and parabolic points and arcs of the
harmonic mean curvature foliations H, ; to those of H,, ; fori =1, 2.

Animmersion « issaid to be C*-harmonic mean curvature structurally stable
if the compact C above is the closure of EM?2,.

Analogously, « issaidto bei- C*-harmonic mean curvature structurally stable
if only the preservation of elements of i-th, i=1,2 foliation with singularitiesis
required.

A general study of the structural stability of quadratic differential equations
(not necessarily derived from normal curvature properties) has been carried out
by Guifiez [18]. See aso thework of Bruce and Fidal [6] Bruce and Tari [7], [8]
and Davydov [11] for the analysis of umbilic points for general quadratic and
aso implicit differential equations.

For a study of the topology of foliations with non-orientable singularities on
two dimensional manifolds, see the works of Rosenberg and Levitt [30, 24]. In
these works the leaves are not defined by normal curvature properties.

3 Harmonic mean curvaturelines near umbilic points

Let 0 beanumbilic point of aC”, r > 4, immersion o parametrized in aMonge
chart (x, y) by a(x, y) = (x, y, z(x, y)), where

_k 5 2,4 3, b 5 ¢ g3
hix,y) = 2(x +y9) + " + 5% + 57 + 0. 3)
This reduced form is obtained by means of a rotation of the x, y-axes. See

[19, 21].
According to Darboux [10, 19], the differential equation of principal curvature
linesis given by:

—[by + P11dy? + [(b — a)x + cy + Poldxdy + [by + P3ldx?> =0.  (4)

As an starting point, recall the behavior of principal lines near Darbouxian
umbilicsin the following proposition.

Proposition 1. [19, 21] Assume the notation established in 3. Suppose that the
transversality condition T : b(b — a) # 0 holds and consider the following
situations:
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Dl) Ap>0

D) Ap<0and%>1
a
D3) E<1

Here Ap = 4b(a — 2b)® — c?(a — 2b)?

Then each principal foliation has in a neighborhood of 0, one hyperbolic sector
in the D, case, one parabolic and one hyperbolic sector in D, case and three
hyperbolic sectors in the case D3. These points are called principal curvature
Darbouxian umbilics.

Proposition 2. Assume the notation established in 3. Suppose that the transver-
sality condition T}, : kb(b — a) # 0 holds and consider the following situations:

H]_) Ah >0

H;) A, <0Oand %>1

a
H3) b < 1
Here A, = 4c?(2a — b)? — [3c? + (a — 5b)3][3(a — 5b)(a — b) + 2.

Then each harmonic mean curvature foliation has in a neighborhood of 0, one
hyperbolic sector in the H; case, one parabolic and one hyperbolic sector in
H, case and three hyperbolic sectors in the case Hz. These umbilic points are
called harmonic mean curvature Darbouxian umbilics.

The harmonic mean curvature foliations H, ; near an umbilic point of type H;
has a local behavior as shown in Figure 1. The separatrices of these singularities
are called umbilic separatrices.

= K

H H 2 H s

Figure 1: Harmonic mean curvature lines near the umbilic points H; and their
separatrices.

Bull Braz Math Soc, Vol. 34, N. 2, 2003



HARMONIC MEAN CURVATURE LINES 311

Proof. Near 0, the functions K and H have the following Taylor expansions.

1 1
K =k?+ (a+ b)kx + cky + 01(2), H =k + 5@+b)x +5cy + 022

The differential equation of the harmonic mean curvature lines

|:g - %G}dvz + 2|:f — %F]dudv + |:e - %E}duz =0 ®)

isgiven by:
[(b —a)x + cy + Mi(x, y)ldy? + [4by + Ma(x, y)ldxdy

2 (6)
—[(b —a)x + cy + M3(x, y)]dx“ =0

where M;, i = 1, 2, 3, represent functions of order O ((x? + y?)).
Thus, at the level of first jet, the differential equation 6 is the same as that of
the arithmetic mean curvature lines given by

[g — HGldv? + 2[f — H Fldudv + [e — H Eldu?® = 0,

as follows from the obvious fact that 4 and % have the same 1—jet at 0.

The conditions on A, coincide with those on Ay, established to characterize
the arithmetic mean curvature Darbouxian umbilics studied in detail in [14].
Thus reducing the analysis of the umibilic points to that of the hyperbolicity
saddles and nodes whose phase portrait is determined only by the first jet of
the equation. O

Theorem 1. An immersion o € M"™*(M?), r > 4, is C3—local harmonic mean
curvature structurally stable at ‘U, if and only if every p € ‘U, is one of the
types H;, i = 1, 2, 3 of proposition 2.

Proof. Clearly proposition 2 shows that the condition H;, i = 1, 2, 3 together
with 7j, : kb(b—a) # 0imply the C3—local harmonic mean curvature structural
stability. This involves the construction of the homeomorphism (by means of
canonical regions), mapping simultaneously minimal and maximal harmonic
mean curvature lines around the umbilic points of o onto those of a C* dlightly
perturbed immersion.

We will discuss the necessity of the condition 7), : k(b — a)b # 0 and of the
conditions H;, i = 1, 2, 3. Thefirst one follows from its identification with a
transversality condition that guaranteesthe persistent isolatedness of the umbilic
points of « and its separation from the parabolic set, as well as the persistent
regularity of the Lie-Cartan surface G, obtained from the projectivization of the
equation 5. Failure of 7;, condition has the following implications:
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a) b(b —a) = 0; inthis casethe elimination or splitting of the umbilic point
can be achieved by small perturbations.

b) k = 0and b(b — a) # 0; in this case a small perturbation separates the
umbilic point from the parabolic set.

The necessity of condition H; follows from its dynamic identification with the
hyperbalicity of theequilibriaal ongthe projectivelineof thevector field obtained
lifting equation (5) tothesurfaceG. Failureof thisconditionwould makepossible
to change the number of harmonic mean curvature umbilic separatrices at the
umbilic point by means a small perturbation of the immersion. O

4 Periodic harmonic mean curvaturelines

Let o : M? — RS be an immersion of a compact and oriented surface and
consider the foliations H,, ;, i = 1, 2, given by the harmonic mean curvature
lines.

In terms of geometric invariants, here is established an integral expression for
the first derivative of the return map of a periodic harmonic mean curvature line,
called harmonic mean curvature cycle. Recall that the return map associated to
acycleisalocal diffeomorphism with a fixed point, defined on a cross section
normal to the cycle by following the integral curves through this section until
they meet again the section. This map is called holonomy in Foliation Theory
and Poincaré Map in Dynamical Systems, [25].

A harmonic mean curvature cycleis called hyperbolic if the first derivative of
the return map at the fixed point is different from one.

The harmonic mean curvature foliations H,, ; has no harmonic mean curvature
cycles such that the return map reverses the orientation. Initialy, the integral
expression for the derivative of thereturn mapisobtainedin class C%; seeLemma
2 and Proposition 3. Later on, in Remark 4 it is shown how to extend it to class
cs.

The characterization of hyperbolicity of harmonic mean curvature cycles in
terms of local structural stability is given in Theorem 2 of this section.

Lemma 1. Letc : I — M? be a harmonic mean curvature line parametrized
by arc length. Then the Darboux frame is given by:

/ X
T'=kN AT + 22N
(NATY = —k,T 4 1,N

N’=—%T—rgN/\T
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where 7, = VXK . The sign of 7, is positive (resp. negative) if c is
maximal (resp. mlnlmal) harmonlc mean curvature line.

Proof. Thenormal curvaturek, of thecurve c isby the definition the harmonic
mean curvature % From the Euler equation k, = k1 COS? 6 +k, Sin*6 = 2+, get

tan6 = %, /2. Therefore, by direct calculation, the geodesic torsion is given by
rg:(kz—kl)SlnGCOSO::I:\/_—VH. O

Remark 1. Theexpressionfor thegeodesic curvaturek, will not be needed ex-
plicitly inthiswork. However, it can begivenintermsof the principal curvatures
and their derivatives using aformula due to Liouville [32].

Lemma 2. Let o : M — RS2 be an immersion of class C”, r > 6, and ¢ be a
mean curvature cycle of «, parametrized by arc length and of length L. Then
the expression,

a(s,v) =c(s)+v(NAT)(s)+

2 A(s) e

+ [(25'[(&) - %(S))v? 5 Ut v3B(s, v)}N(S)

where B(s, 0) = 0, defines a local chart (s, v) of class C"~° in a neighborhood
of c.

Proof. The curvec is of class C"~ and the map «(s, v, w) = ¢(s) + v(N A
T)(s) +wN(s) isof classC"~? and isalocal diffeomorphismin aneighborhood
of the axis s. In fact [og, ay, oy ](s, 0,0) = 1. Therefore there is a function
W (s, v) of class C"~? such that «:(s, v, W (s, v)) isaparametrization of atubular
neighborhood of « o ¢c. Now for each s, W (s, v) isjust a parametrization of the
curve of intersection between o (M) and the normal plane generated by {(N A
T)(s), N(s)}. Thiscurve of intersection istangent to (N A T)(s) at v = 0 and
notice that k, (N A T)(s) = 2H (s) — 37 (s). Therefore,

a(s,v, W(s,v)) = c(s) +v(N AT)(s)

v2 A()3

x 7
+|:(2-7‘[(S)—ﬁ(5))5 6 0

+ v3B(s, v):|N(s)

where A isof class C’~° and B(s, 0) = 0. 0O
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We now compute the coefficients of thefirst and second fundamental formsin
the chart (s, v) constructed above, to be used in proposition 3.

N(s. v) :|22—Z| = [~7,(s)v + OIT(s)

X
—[2H (s) — ﬁ(s))v + O@)NN AT)(s) +[1+ O)IN(s).
Therefore it followsthat £ =< a5, a5 >, F =< a5, a, >, G =< «,, oy >,

e=<N,ay >, f=<N,a, > and g =< N, a,, > aregiven by

E(s,v) =1—2k,(s)v+h.o.t
F(s,v) =0+0.v+ h.o.t
G(s,v) =14+0.v+h.o.t

e(s,v) = %(s) + v[r;,(s) — 2ko(s)H ()] + h.o.t (8)
X
fs,v) = 14(s) + {[2H (s) — ﬁ(s)]’ + kg (s)Te(s)}v + h.o.t

g(s,v) =2H (s) — %(s) + A(s)v+h.o.t

Proposition 3. Let o : M — RS2 be an immersion of class C”, r > 6 and ¢ be
closed harmonic line ¢ of «, parametrized by arc length s and of total length L.
Then the derivative of the Poincaré map r, associated to c is given by:

L K
[ﬁ]v kg —7<
Inzt) (0) = + =(H — —) | ds.
nm,(0) /0{ ( }[)} s

27, Tg
Here rfﬂ:%«/&'ﬁ - XK.

Proof. The Poincaré map associated to c isthemap 7, : ¥ — X defined
in atransversal section to ¢ such that 7, (p) = pfor p € cN T and 7,(g) is
the first return of the harmonic mean curvature line through ¢ to the section %,
choosing a positive orientation for ¢. It isalocal diffeomorphism and is defined,
in the local chart (s, v) introduced in Lemma 2, by 7, : {s = 0} — {s = L},
7, (vo) = v(L, vg), where v(s, vp) isthe solution of the Cauchy problem

K X X
( — ﬁ)dvz + Z(f — ﬁF)dsdv + <e — ﬁE)dsz =0, v(0, v) = vo.
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Direct calculation gives that the derivative of the Poincaré map satisfies the
following linear differential equation:

i(d_v) _ __(dv) _ _[e—%ﬂc_’))
ds \ dvo dvo) — 2[f — X(s)F1\dvo
Therefore, using equation 8 it results that
[e—%(S)E]u __T_g,_ [%(S)]u _IE(}[_£>
2[f — 2:(s)F] 27, 27, T, H)

I ntegrating the equation abovealonganarc [sq, s1] of harmonic mean curvature
line, it follows that:

3 s1] X
)y DT o | [@ L %)} s @

Ly -
dvg ° (7, (50)) 3 2t, 1,

Applying 9 along the harmonic mean curvature cycle of length L, obtain

L|rx
d_v|vo:0 = eXp[/ |:_[g{]v + ]&(5{ - %):| ds.
0

dvg 27, Tg

From the equation X = (eg — fz)/(EG — F?) evaluated a v = O it
follows that K = J:[2H — 5] — t2. Solving this equation it foIIows that

rg:ig«/ﬂz — XK. Thisendsthe proof. O

Remark 2. Atthispoint weshow how to extend theexpression for thederivative
of the hyperbolicity of harmonic mean curvature cycles established for class C®
to class C2 (in fact we need only class C#).

The expression 9 is the derivative of the transition map for a harmonic mean
curvature foliation (which at this point is only of class C1), aong an arc of
harmonic mean curvature line. In fact, this follows by approximating the C3
immersion by one of class C8. The corresponding transition map (now of class
C*) whose derivative is given by expression 9 converges to the original one (in
class C*) whose expression must given by the same integral, since the func-
tions involved there are the uniform limits of the corresponding ones for the
approximating immersion.

Proposition 4. Let o : M — R® be an immersion of class C", r > 6, and c be a
maximal harmonic mean curvature cycle of «, parametrized by arc length and
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of length L. Consider a chart (s, v) as in lemma 2 and consider the deformation

Aix(s)
6

where § = 1in neighborhood of v = 0, with small supportand A1(s) = 7,(s) >
0.

Then ¢ is a harmonic mean curvature cycle of 8. for all ¢ small and ¢ is a
hyperbolic harmonic mean curvature cycle for 8., € # 0.

Be(s,v) = B(e, s, v) = als, v)+e|: v3i|8(v)N(s)

Proof. Inthechart (s, v), for theimmersion 8., it is obtained that:
Ec(s,v) =1—2k,(s)v+h.o.t
Fo(s,v) =0+0.v+h.o.t
G(s,v)=14+0.v+h.ot

e.(s,v) = %(s) + v[r;(s) — 2ky(s)H (s) )] + h.o.t
fe(s,v) = 1o(s) + [(2H (s) — %(s))’ + koToJv + hoo.t

ge(s,v) =2H (s) — %(s) + v[A(s) + €A1(s)] + h.o.t

Intheexpressionsabove E, =< By, Bs >, Fe =< Bs, By >, Ge =< By, By >,
ec =< Bss, N >, fe =< N,Bsw >, & =< N, By, >, Where N = N, =

Bs N Bu/ | Bs A Bu | .
For al € small it follows that:

Ke
(ee - _Eé)(ss 0’ 6) =0

H,
Ke
Key(s,0,€) =€ Al + filkg, T, K, H)(s)
1
He, (s, 0, €) =5€4105) + falke, g, K, H)(s)

d [Ke] | 1 x

de ' H 10 T 292

Therefore ¢ isamaximal harmonic mean curvature cycle for al ..
Assuming that A1(s) = 4t,(s) > O, it results that

d Ld (G k, X, L x
E(lnn (O))le:O bl /(; & (2—1’&, + T—g(.{]'[e — E) ds _,/(; ﬁds > 0.

A1(s).

g
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Asasynthesis of propositions 3 and 4, the following theorem is obtained.

Theorem 2. An immersion « € M"™*(M?), r > 6, is C®—local harmonic mean
curvature structurally stable at a harmonic mean curvature cycle c if only if,

LU kg X
/0 |:—+—(5{—ﬁ) ds # 0.

2t, 1,

Proof. Using propositions 3 and 4, the local topological character of the foli-
ation can be changed by small perturbation of the immersion, when the cycleis
not hyperbolic. O

5 Harmonic mean curvature lines near the parabolic curve

Let O beaparabolic pointof aC”, r > 6, immersion « parametrizedin aMonge
chart (x, y) by a(x, y) = (x, y, z(x, y)), where

k a b d c
z(x, y) =§y2 + éxs + Exy2 + Exzy + éys
(10)
A 4, B 3 Co2 D 5 E 4
— —= — —= — o5
—|-24x +6xy+4xy+6xy +24y—|- )

The coefficients of the first and second fundamental forms are given by:

E(x,y)=1+ 04
F(x,y)=+0(@)
G(x,y)=1+k*>%+ 0(3)

A C

e(x,y) =ax +dy + Exz + Bxy + Eyz 4+ 03 (11)
B, D,

f(x,y):dx+by+5x +ny+5y +0@)

C, 1 3,2
g(x,y)=k+bx+cy+5x +ny+§(E—k)y + 03
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The Gaussian and the Arithmetic Mean curvatures are given by

1
K(x, y) = k(ax + dy) + 5 (Ak + 2ab — 2d°)x? + (Bk + ac — bd)xy

1
+ 5(Ck + 2cd — 2b%)y% + 0(3),
1

ﬂ(x,y)=2

1 1 X2 (12)
k4 Z(a+bx+=(c+dy+(A+C)=—
2 2 4
2
4 (B+ D)xy + (E — 3k + C)yz +0®3)

The coefficients of the quadratic differential equation 2 are given by

L=k>+k(@2b—a)x+k(2c—d)y
2
+ (2kC — Ak + 2b2 + 4d? — Zab)%

+ (3db — ac + 2kD — kB + 2cb)xy

2
+ (2¢% + b2 + 2KE — 2¢d — kC — 2k4)y5 +0@®
2
M = 2k(d.x +b.y) + (dad + 2kB + 4bd)%

13
+ 2(b* 4+ d? + ab + kC + cd)xy (13)

2
+ (4bd + 2kD + 4cb)y? 1003

2
N = —k(ax + dy) + (2a2 + 4d® — 2ab — Ak)%

+ (2ad — kB + 3bd — ac)xy
2
+ (2d? + 4b% — kC — 2cd)y5 + 003

Lemma 3. Let O be a parabolic point and consider the parametrization
(x,y, h(x,y)) as above. If k > 0and a? + d? # 0 then the set of parabolic
points is locally a regular curve normal to the vector (a, d) at 0.

If a # 0 the parabolic curve is transversal to the minimal principal direction
(1, 0).

If @ = 0 then the parabolic curve is tangent to the principal direction given
by (1, 0) and has quadratic contact with the corresponding minimal principal
curvature line if dk(Ak — 3d?) # 0.
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Proof. If a # 0, from the expression of K given by equation 12 it follows
that the parabolic lineisgiven by x = —%y + 01(2) and so istransversal to the
principa direction (1, 0) at (0, 0).

If a = 0, from the expression of K given by equation 12 it follows that the
parabolic line is given by

2d? — Ak d
= 02(3) andthat y=——-x%+ 033
y TS y =5t + 050

isthe principal line tangent to the principal direction (1, 0). Now the condition

2d? — Ak d . :
# 5 isequivalent to dk(Ak — 3d?) #0. O

of quadratic contact ———
d 2dk

Proposition 5. Let O be a parabolic point and the Monge chart (x, y) as above.

If a # 0 then the mean harmonic curvature lines are transversal to the
parabolic curve and the mean curvatures lines are shown in the picture below,
the cuspidal case.

Ifa = 0and o = k?(Ak — 3d?) # O then the mean harmonic curvature
lines are shown in the picture below. In fact, if o > 0 then the mean harmonic
curvature lines are folded saddles. Otherwise, if o < 0 then the mean harmonic
curvature lines are folded nodes or folded focus according to § = —234° + 8Ak
be positive or negative. The two separatrices of these tangential singularities,
folded saddle and folded node, as illustrated in the Figure 2, are called parabolic
separatrices.

Proof. Consider the quadratic differential equation
H(x,y,[dx : dy]) = Ldy?> + Mdxdy + Ndx*> =0

and the Lie-Cartan linefield X of class C”~2 defined by

x'=H,
y' =pH,
, dy
p =— (H,+ pH,), P=c
X

where L, M and N are given by equation 13.

If a # O the vector Y isregular and therefore the mean harmonic curvature
lines are transversal to the parabolic line and at parabolic points these lines are
tangent to the principal direction (1, 0).
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Figure 2: Harmonic mean curvaturelines near aparabolic point (cuspidal, folded
saddle, folded node and folded focus) and their separatrices.

If a = 0, direct calculation gives H(0) = 0, H,(0) = 0, H,(0) = —kd,

H,(0) =0.
2kd 2kb 2k2
DX (0) = 0 0 0 (14)

Ak —4d? kB —3bd —kd
The non vanishing eigenvalues of DX (0) are
1 1 1 1
A= (=d + =/ —23d? + 8Ak)k, Xl = (=d — =/ —23d? + 8Ak)k
2 2 2 2
Therefore, A, = —2k?(Ak — 3d?).
It follows that O is a hyperbolic singularity provided o (Ak — 3d?)kd # 0. If

o > 0 then the mean harmonic curvature lines are folded saddlesand if o < O
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then the mean harmonic curvature lines are folded nodes (84k — 2342 > 0) or
folded focus (8Ak — 23d? < 0). SeeFigure 2. O

Theorem 3. An immersion « € M (M?), r > 6, is C®—local harmonic mean
curvature structurally stable at a tangential parabolic point p if only if, the
condition o8 # 0 in proposition 5 holds.

Proof. Direct from Lemma3 and proposition 5, thelocal topological character
of the foliation can be changed by small perturbation of the immersion when
o = 0. U

5.1 Asymptoticlinesnear a parabolic curve

Proposition 6. Let O be a parabolic point and the Monge chart (x, y) as above.

If a # 0then the mean asymptotic lines are transversal to the parabolic curve
and are shown in the picture below, the cuspidal case.

Ifa = 0and o = k?(Ak — 3d?) # 0 then the asymptotic are shown in the
picture below. In fact, if o < 0 then the asymptotic lines are folded saddles.
Otherwise, if o > 0 then the asymptotic lines are folded nodes or folded focus
according to 8, = 2542 — 8Ak be positive or negative. The two separatrices
of these tangential singularities, folded saddle and folded node, as illustrated in
Figure 3, are called parabolic separatrices.

Folded saddle-node Folded saddle-focus

Figure 3: Harmonic Node and Focus adjacent to Asymptotic Saddle.

Proof. The proof follows from direct calculations similar to those performed
in proposition 5. In fact, considering the implicit differential equation

dy
A(x,y, p) = gp*+2fp+e=0, p=_
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wheree, f and g are given by equation 11 and the Lie-Cartan line field

d 3
Y= Ayt p Ay — (A +p.54)

Pox
it follows that
2d 2b 2k
DY =| 0 0 0 (15)
—A —B —-3d

The non vanishi ng e genval uesof DY (0) are

= —d + = \/ 25d? — 8Ak, = —d — %\/ 25d? — 8Ak

Therefore, rir, = 2(Ak — 3d?).

It follows that O is a hyperbolic singularity provided Ak — 3d?> # 0. |If
Ak — 3d? < 0 then the mean harmonic curvature lines are folded saddles;
if Ak —3d? > 0 then the mean harmonic curvature lines are folded nodes
(25d?% — 8Ak > 0) or folded focus (254d% — 84k < 0). See Figure 3. O

Remark 3. The geometric conditions of asymptotic folded saddles, nodes and
focus near a parabolic line was obtained in [13].

Remark 4. Intheplanek = 1thediagram of folded saddles, folded nodesand
folded focus for harmonic mean curvature lines and asymptotic linesis as shown
in Figure 4.

6 Examplesof harmonic mean curvature configurations

As mentioned in the Introduction, no examples of harmonic mean curvature
foliationsaregivenin theliterature, in contrast with the principal and asymptotic
foliation. Inthis section are studied the harmonic mean curvature configurations
in two classical surfaces: The Torus and the Ellipsoid. In contrast with the
principal case [31, 32] (but in concordance with the arithmetic mean curvature
one [14]) non-trivial recurrence can occur here.

Proposition 7. Consider a torus of revolution T (r, R) obtained by rotating a
circle of radius r around a line in the same plane and at a distance R, R > r,
from its center. Define the function p of a = %, as follows:

2 a
= = d
p=pla) /_75 \/COSs(l + a coss) s
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As Hf As Hf
As-asymptotic folded saddle Hs -harmonic folded saddle
Af -asymptotic folded focus Hf -harmonic folded focus
An -asymptotic folded node Hn-harmonic folded node

Figure 4: Bifurcation diagram of asymptotic and harmonic mean curvature lines
in the plane bxA.

Consider the regular curves (folded extended harmonic lines) defined as the
union of harmonic lines and parabolic points ( a harmonic line of one foliation
that arrive at the parabolic set at a given point is continued through the line
of the other foliation leaving the parabolic set at this point and so on). Then
the folded extended harmonic mean curvature lines on T (r, R), defined in the
elliptic region are all closed or all recurrent accordingto p € Qor p € R\ Q.
Furthermore, both cases occur for appropriate (r, R).

Proof. Thetorus of revolution T (r, R) is parametrized by
a(s,0) = ((R + rcoss)cosé, (R + rcoss)sing, rsins).

Direct calculation showsthat E =2, F =0, G = [R + rcoss]?, e = —r,
f =0and g = —coss(R + r coss). Clearly (s, 8) isaprincipa chart.
Thedifferential equation of the harmonic mean curvaturelines, inthe principal
chart (s, 8), isgiven by eds? — gdf#? = 0. Thisis equivalent to
r

—coss(1+ acoss)dd?+ads?> =0, a= =
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Solving the equation above it follows that,

JJao=s]"
% COSs(l +a c05s)

So the two Poincaré maps, 7+ : {s = —%} — {s = 7}, defined by 71.(6p) =
o127 p (%) haverotation number equal to £ (%). Dlrect calculationsgivesthat
p(a) #0and p’(a) # 0fora > 0. Therefore, both the rational and irrational
cases occur. This ends the proof. O

Proposition 8. Consider the ellipsoid E, ; . with three axesa > b > ¢ > 0.
Then E, ;.. have four umbilic points located in the plane of symmetry orthogonal
to middle axis; they are of the type H; for harmonic mean curvature lines and of
type D for the principal curvature lines.

Proof. This follows from proposition 2 and the fact that the arithmetic mean
curvature lines have this configuration, as established in [14]. O

Proposition 9. Consider the ellipsoid E, , . with three axesa > b > ¢ > 0. On
the ellipse © C E, ;. ., containing the four umbilic points, p;, i = 1,---,4,

oriented counterclockwise, denote by S; = f b2 1 dv the distance between

the adjacent umbilic points p; and p, and by S, = f > 1 du the distance
between the adjacent umbilic points p; and p4, where h(x) x +a>)x +
b?)(x + ¢?). Define p = g_g.

Thenif p € R\ Q (resp. p € Q) all the harmonic mean curvature lines are
recurrent (resp. all, with the exception of the harmonic mean curvature umbilic
separatrices, are closed).

Proof. Theéllipsoid E, ;. belongsto the triple orthogonal system of surfaces
2

defined by the one parameter family of quadrics + + #5 = lwith
a>b>c>0,seedso[3]] and [32].
The following parametrization of E, ...

_ M(u,v,a) M(u,v,b) M(u,v,c)
o, v) = (i \/W(a, b,c)’ i\/W(b, a,c)’ i\/W(c, a, b))

x_
" a+h b2+x

where,
M@, v, w) = w?u+w?(+w? ad W(a,b,c) = (a?—b?(a?—c?),
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define the ellipsoidal coordinates (u, v) on E, ., where u € (—b?, —c?) and
v € (—a?, —b?).
The first fundamental form of E, , . isgiven by:

1(u v)ud2 1w —u

< 2
=2 hw i P

[ = ds® = Edu® + Gdv® =

The second fundamental form is given by

abc(u —v)  , abc(v—u)

= 2w " agmonw ¢

where h(x) = (x + a®)(x + b?)(x + ¢?). The four umbilic points are

a2 — b2 c2 — p2
(:I:x()a 0’ :l:ZO) = (:l:a 2—’ 09 *c 2 2 )
ac — ¢ cc—a

The differential equation of the harmonic mean curvature linesis given by:

11 = edu® + gdv® =

(dw)?  (dv)* _
h(w)  h(v)

Define doy = ﬁdu and do, = \/h_l(T)dv' By integration, this leads to the
chart (o1, 02), inwhich the differentia equation of the harmonic mean curvature
linesis given by

do? —do? = 0.

Ontheélipse & = {(x, 0, 2)|%; + Z = 1} the distance between the umbilic

points p1 = (xo, 0, zo) and p4 = (xo, 0, —zp) iSgivenby S; = f b2 1 dv and
that between the umbilic points p; = (xo, 0, zo) and p, = (—xo, 0, zo) |s given
by

1
Y i

Itisclear that thedllipse = istheunion of four umbilic pointsand thefour prin-
cipal umbilical separatrices for the principal foliations. So X\{p1, p2, p3, pa}
is a transversal section of both harmonic mean curvature foliations. The dif-
ferential equation of the harmonic mean curvature lines in the principal chart
(u, v) isgiven by edu? — gdv? = 0, which amountsto do; = +do,. Therefore

Bull Braz Math Soc, Vol. 34, N. 2, 2003



326 R. GARCIA AND J. SOTOMAYOR

near the umbilic point p; the harmonic mean curvature lines with a harmonic
mean curvature umbilic separatrix contained in the region {y > 0} define athe
transition map o, : ¥ — X which is an isometry, reversing the orientation,
with o, (p1) = p1. Thisfollows because in the principal chart (u, v) this map
is defined by o : {u = —b?} — {v = —b?} which satisfies the differential
equation 2’% = —1. By analytic continuation it results that o is an orientation
reversing isometry, with two fixed points { p1, ps}. The harmonic reflectiono_,
defined in theregion y < 0 have the two umbilics {p,, pa4} asfixed points.

So on the ellipse parametrized by arclength defined by o;, the Poincaré return
map 1 : ¥ — X ( composition of two isometries o, and o_) isarotation with
rotation number given by 2.

Analogously for the other harmonic mean curvaturefoliation, with the Poincaré
return map given by 7, = 7, o 7_, where . and t_ are two isometries having
respectively {p», ps} and {p1, p3} asfixed points. O

7 On Harmonic mean curvature structural stability

In this section the results of sections 3, 4 and 5 are put together to provide
sufficient conditions for harmonic mean curvature stability, outlined below.

Theorem 4. The set of immersions A;(M?),i = 1, 2 which satisfy conditions
i), ... , v) below are i-C*-mean curvature structurally stable and A;,i =1, 2
is open in M (M?), r > s > 6.

i) Theparaboliccurveisregular: K = Oimpliesd K # Oand the tangential
singularities are saddles and nodes.

ii) The umbilic points are of type H;,i =1, 2, 3.
iii) The harmonic mean curvature cycles of H, ; are hyperbolic.

iv) The harmonic mean curvature foliations H, ; has no separatrix connec-
tions. This means that there is no harmonic mean curvature line joing
two umbilic or tangential parabolic singularities and being separatrices
at both ends. See propositions 2 and 5

v) The limit set of every leaf of H,, ; is a parabolic point, umbilic point or a
harmonic mean curvature cycle.
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Proof. The openness of A;(M?) it follows from the local structure of the
harmonic mean curvature lines near the umbilic points of types H;, i = 1, 2, 3,
near the harmonic mean curvature cyclesand by the absence of umbilic harmonic
mean curvature separatrix connections and the absence of recurrences. The
equivalence can be performed by the method of canonical regions and their
continuation aswasdonein[19, 21] for principal lines, andin[17], for asymptotic
lines. O

Notice that Theorem 4 can be reformulated so as to give the mean harmonic
stability of the configuration rather than that of the separate foliations. To this
end it is necessary to consider the folded extended lines, that is to consider the
line of one foliation that arrive at the parabolic set at a given transversal point
as continuing through the line of the other foliation leaving the parabolic set
at this point, in a sort of “billiard". This gives raise to the extended folded
cycles and separatrices that must be preserved by the homeomorphism mapping
simultaneously the two foliations.

Therefore the third, fourth and fifth hypotheses above should be modified as
follows:

iii") the extended folded periodic cycles should be hyperbolic,
iv') the extended folded separatrices should be digoint,

v') thelimit set of extended lines should be umbilic points, parabolic singu-
larities and extended folded cycles.

The class of immersions which verify the extended five conditionsi), ii), iii"),
iv’), v') of acompact and oriented manifold M? will be denoted by A (M?).

This procedure has been adopted by the authors in the case of asymptotic
lines by the suspension operation in order to pass from the foliations to the
configuration and properly formulate the stability results. See[17].

Remark 5. In the space of convex immersions M%*(S?) ( X, > 0), the sets
A(S?) and A1(S?) N A,(S?) coincide.
The genericity result involving the five conditions above is formulated now.

Theorem 5. The sets A4;, i = 1, 2 are dense in M"2(M?), r > 6.
In the space M%2(S?) the set A (S?) is dense.

The main ingredients for the proof of this theorem are the Lifting and Stabi-
lization Lemmas, essential for the achievement of condition five. The conceptual
background for this approach goes back to the works of Peixoto and Pugh.
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The éimination of non-trivial recurrences — the so called “Closing Lemma
Problem"— as a step to achieve condition v)is by far the most difficult of these
details. See the book of Palis and Melo, [25], for a presentation of these ideas
in the case of vector fields on surfaces.

The proof of theorem 5 will be postponed to a forthcoming paper [16]. It
involves technical details that are closer to those of the proofs of genericity
theorems given by Gutierrez and Sotomayor, [20, 21], for principal curvature
lines and by Garcia and Sotomayor, [14], for arithmetic curvature lines.

8 Additional commentsand arelated problem

Thestudy of familiesof curveson surfacesdefined by normal curvatureproperties
and their singularities has attracted the interest of generations of mathematicians,
among whom can be mentioned Euler, Monge, Dupin, Gauss, Cayley, Darboux,
Gullstrand, Caratheodory, Hamburger. See [22, 32] for references.

On the other hand, the ideas on the “*Qualitative Theory of Differential Equa-
tions" initiated by Poincaré and culminating with the study of the Structural
Stability and Genericity of differential equations on surfaces, made systematic
from 1937 to 1962 due to the seminal work of Andronov Pontrjagin and Peixoto,
were assimilated by Gutierrez, Garcia and Sotomayor and, reformulated, were
applied to principal curvature lines[19] aswell asto other differential equations
of classical geometry: asymptotic lines[13, 17], arithmetic and geometric mean
curvature lines [14, 15], and harmonic mean curvature lines studied here.

Thus, progressin Differential Equations and Geometry led to delineate afruit-
ful field of interaction of Geometry and Analysis.

The work of Monge, on the principal configuration of the Ellipsoid; that of
Dupin, on Triply Orthogonal families of surfaces and the study of Darboux, on
umbilic points on a surface, are the classical geometric paradigms of this field
of interaction.

Anoverview of the ensemble of recent contributions of the authors and others,
cited here, revealsthat thereisacommon ground. In fact, they share an analogy
in purpose, problems and methods of analysis. It seems, therefore, appropriate
to inquire here for the common mathematical features they enjoy and for the
discrepancies they present.

In principle any expression such as u= u(k1, k2) € [kq, k2], involving the
principal curvatures, could be rightly called a*mean curvature’.

The situations that appear in the works quoted above correspond to the Prin-
cipa Curvatures: u=k; or u=k,, Arithmetic, Geometric and Harmonic Mean
Curvatures: u = H, u = KY2 and u = 2. The asymptotic lines correspond to
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u = 0. Tothesefivefunctionswewill refer to asthe “classical” mean curvature
functions.

At this point, a pertinent problem is proposed to provoke the discussion.

Problem 1. Formulate and prove a general theorem from which the results
obtained before for the “classical" mean curvature functions would follow and
that also would include an interesting class of “new" curvature functions u =
w(kq, ko) and associated differential equations.

Thereareagreat number of means that are of interestinAnalysis. For instance
the Holder Means

H, (ky, ko) = [(ky + k5 /21Y7,

which contains, in the form of a one parameter family, the classical means.
In fact, Arithmetic, corresponds to »r = 1; Geometric, correspondsto r = 0O,
understood as alimit asr — 0; Harmonic, correspondsto r = —1. See Hardy
eta. [23].

There are also more subtle, non-algebraic means, such as the AGM-mean,
obtained from the limit of the Arithmetic and Geometric. Thislimit was studied
classically by Gauss and Legendre. See the book of Borwein and Borwein [5]
for the connections of these means with differential equations and the number
7. Theinterest of this mean for Geometry seemsto have been overlooked so far.

A satisfactory answer to Problem 1 involves an analysis of the limits of the
methods introduced in the recent papers and their adaptability to deal with con-
figurations associated to “new" mean curvature functions. Bearing in mind the
“ closing lemma’ difficulties mentioned at the end of the previous section, this
analysis will be postponed to another work, [16], which contains a proposal for
apartial solution.
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